Analytic results are presented for the probability of detecting an electron neutrino after passage through a resonant oscillation region. If the electron neutrino is produced far above the resonance density, this probability is simply given by < P"* > w sin* 00 + P, ~0~200, where 80 is the vacuum mixing angle.
Recently Mikheyev
and Smirnov' and Bethe' have revived interest in the solar neutrino deficit by demonstrating that electron neutrinos produced in the sun can be efficiently rotated into muon neutrinos by passage through a resonant oscillation region.
This mechanism may solve the solar neutrino puzzle. In this paper, I present analytic result for the probability of detecting an electron neutrino after passage through one or more resonant oscillation regions. This result is then used to show which regions of parameter space, difference of the squared masses verus vacuum mixing angle, for which the solar neutrino puzzle is solved.
A neutrino state is assumed to be a linear combination of the two flavor states iv, > and IY,, > as follows l4t > = c,(t) Iv, > + c,(t) lvti >
If the neutrinos are massive, then the mass eigenstates need not be identical to the flavor eigenstates, so that the Dirac equation which governs the evolution of the neutrino state,
is not nessarily diagonal in the flavor basis. This leads to the well known phenomena of vacuum neutrino oscillations. In the presents of matter, the non-diagonal nature of this evolution is is further enhanced by coherent forward scattering which can lead to resonant neutrino oscillations. Wolfensteins has derived the Dirac equation for this process, in the ultra-relativistic limit, in terms of the vacuum mass eigenstates. Here, I use his result, in the flavor basis, after disgarding a term proportional to the identity matrix, as this term only contributes an overall phase factor to the state lv,t >. The If, the electron density varies slowly, the states which evolve independently in time, the adiabatic states, are e-'? S' ANdt lvr, N(t) > and e+ii IlANd' \vr, N(t) >. Therefore, it is convenient to use these states, as the basis states, in the region for which there are no transitions (away from the resonance region). As a neutrino goes through resonance these adiabatic states maybe mixed, but on the other side of resonance, the neutrino state can still be written as a linear combination of these states. That is, a basis state produced at time 1, going through resonance at time t,, and detected at time t' is described by e-'i *r ANdt Ivl,N(t) > 3 I'
.L a1 e -%I,: *Nd* l"l,,yt') > + a2 ,++f*:'*Ndt l-9, Nt') > e+'i I,: ANdi IV*, N(t) > * .+ e-'+ f,:' ANa lyl, N(t') > + a; ,$+ii f:: b!df Iv*, N(t') > where aI and a~ are complex numbers such that Ia1 I* t lazl* = 1. The relationship between the coefficients, for these two basis states, is due to the special nature of the wave equation, eqn(2). The phase factors have been chosen so that coefficients a, and a* ard characteristics of the transitions at resonance and are not related to the production and detection of the neutrino state.
Hence, the amplitude for producing, at time t, and detecting, at time t', an electron neutrino after passage through resonance, is Thus the probability of detecting this neutrino as an electron neutrino is given by
with fl = arg(A;Al). After averaging over the detection position, the detection averaged probability is p".(t) = ; + ;(la,12 -~az~~)COS20j.Jcos280 / t -ja1a21 sin 20~ cos 200 cos( Avdt + w)) t.
with w = arg(alaz).
The last term shows that the phase of the ncutrino oscillation at the point the neutrino enters resonance can substantially effect this probability. Therefore, we must also average over the production position to obtain the fully averaged probability of detecting an electron neutrino as 1 1 < P". > = 5 + (5 -Pz) cos 2O,.JCOS20~ where P, = lu#, the probability of transition from IvI, ,V > to ~YZ, N > (or vita versa ) during resonance crossing. The adiabatic case" is trivially obtained by setting Pz = 0. Also, if the electron neutrinos are produced at a density much greater than the resonance density, so that cos 2ON --1 , then
Thus for small 80 the probability is just equal to the probability of level crossing during resonance passage.
Similar calculations can also be performed for the case of double resonance crossing (neutrinos from the farside of the sun).
Here we must average not only over the production and detection positions of the neutrino but also over the separation between resonances. This sensitivity to the separation of the resonances can be understood as the effect of the phase of the oscillation as the neutrino enters the second resonance region. The fully average probability of detecting an electron neutrino is the same as eqn(6) with P, replaced by P,.(l-P,,) + (l-P,,)P,, (the classical probability result).
Therefore, the generalization to any number of resonance regions, suitable averaged, is obvious.
To calculate the probability, P,, I make the approximation that the density of electrons varies linearly in the transition region. That is, a Taylor series expansion is made about the resonance position and the second and higher derivative terms are disgarded;
N(t) z=z N(h) + (t -tr)$.
In this approximation the probability of transition between adiabatic states was calcu- (9) This expression, together with eqn(6), are the main analytical results of this paper and demonstrate that only the electron number density, at production, and the logarithmic derivative of this density, at resonance, determine the probability of detecting an electron neutrino in the vacuum. It should be emphasized here, that this result assumes that the neutrino state is produced before significant transitions take place and thus eqn(9) is not valid for neutrinos produced in the transition region.
From eqn (9) This is the maxmium It -t,l for which the linear approximation must be good, so that eqn(9) gives a reasonable estimate of the probability of crossing. For an exponential density profile, the Taylor series expansion is an expansion in sin 20,,ir, so that for small Bcril this is an excellent approximation.
For the sun, the density profile is exponential except for the region near the center.
In figure 1 , I have plotted the probability contours for detecting an electron neutrino at the earth in the A,/&Gp,VC verus sin20c plane for such an exponential density profile. NC is the electron number density at the point at which the electrons neutrinos are produced. This plot depends only on the properties of the sun and this dependency is only through the combination &NC, where X, is the scale height. For figure 1, I have used an N, corresponding to a density of 140gm/cns and Y, = 0.7. The scale height R,, is 0.092 times the radius of the sun.
Above the line A~/&GF~Y, = l/ cos 200, the neutrinos never cross the resonance density on there way out of the sun. Here, the probability of detecting an electron neutrino is close to the standard neutrino oscillation result. Delow this line, the effects of passing through resonance comes into play. Inside the 0.1 contour, there is only a small probability of transitions between the adiabatic states as the neutrino passes through resonance. To the right of this contour, the probability of detecting a neutrino grows, not because of transitions, but because both adiabatic states have a substantial mixture of electron neutrino at zero density. To the left and below this contour, the probability grows because here there are significant transitions between the adiabatic states as the neutrino crosses resonance. The diagonal lines of these contours have slope minus two because of the form of P,. It is only the intercept of these lines which depends on the product R,Nc. Therefore, if one wishes to change the production density, which is held fixed in this plot, only these iines need to be shifted. Infact, the line labeled with P, "crosses" &,/ Roughly speaking, the 2 SNU contour, in the (mi -ni) verus sin200 log-log plot, will 
For the vertical line, the probability of detecting an electron neutrino is nearly independent of energy, if AO/fiG~NC < 1. Th erefore, we need to reduce all neutrinos by 30%4. This is acheived when 8 x 10-8evZ < (rni -mg < 1 x lo-sevz sin ZOO z 0.9.
For the diagonal line, we need to arrange that the Davis experiment only observes 50% of the *B neutrinos and none of the lower energy neutrinos*,9. This is acheived when the probability for the mean 'D neutrino, weighted by the detector cross section ( energy -9MeV), is 0.5. This gives the following constraint, (775; -n:) sin* 200 x 3 x 10-'eV2 0.03 < sinZ& < 0.6.
For rni -rnt below 2 x 10m6eV2, the resonance condition can be satisfied inside the earth's crust. This can rotate electron neutrinos into muon neutrinos and vita versa.
I have ignored these effects here, but they are addressed by Carlson'O.
To summarize, eqns (13), (14) and (15) give regions of parameter space for which the expected result from the Davis experiment is -2 SNU. Since the proposed Gallium experiment observes lower energy neutrinos, from the p-p process, these three region will be distinguishable using the results of this experiment. More precise iso-SNU plots, for both experiments, are being generated taking into account the production energy and production position distributions of the neutrinos from the various processes within the solar interior.
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